Let G be an L p -group of exponent p e ; then e > 2 and |G| = p p+e−1 . Let us prove that ℧ 1 (G) is cyclic of order p e−1 . We have p e = exp(G) ≤ exp(℧ 1 (G)) exp(G/℧ 1 (G)) = p · exp(℧ 1 (G)) so |℧ 1 (G)| ≥ exp(℧ 1 (G)) ≥ p e−1 . Therefore, it suffices to show that |℧ 1 (G)| = p e−1 . If G is regular, then |℧ 1 (G)| = |G/Ω 1 (G)| = p e−1 . If G is irregular, then, by Hall's first regularity criterion [Ber2, Theorem 9.8(a)], we have |G/℧ 1 (G)| ≥ p p so |℧ 1 (G)| ≤ p −p |G| = p e−1 , and we conclude that |℧ 1 (G)| = p e−1 , as required. It follows that exp(Ω e−1 (G)) = p e−1 so we get Ω * e (G) = G − Ω e−1 (G) = G.
Our main result is the following Theorem 2. Suppose that a p-group G of exponent p e > p is neither absolutely regular nor of maximal class. Then G contains a subgroup H of order p p+e−1 such that |Ω 1 (H)| = p p , H/Ω 1 (H) is cyclic of order p e−1 and Ω 2 (H) is regular (so, if e > 2, then H is an L p -group).
Our proof of Theorem 2 is based on Blackburn's theory of p-groups of maximal class [Bla2] and some its consequences (see also [Ber1, §7] or [Hup, §III.13]). We also use some theorems from [Ber2, §13] (proofs of some of them we reproduce below; see Lemmas J(d), 6 and 7). If a p-group G is either absolutely regular or of maximal class, then it has no subgroup H such as in conclusion of Theorem 2 (in the second case this follows from Lemma J(h)) so absolutely regular p-groups and p-groups of maximal class are excluded from hypothesis of Theorem 2.
Corollary 3. Suppose that a p-group G of exponent greater than p is not absolutely regular. If all proper not absolutely regular subgroups of G are generated by elements of order p, then one and only one of the following holds:
proper subgroups of G are absolutely regular). (c) G is of maximal class, |G| > p p+1 and every irregular member of the set Γ 1 has two distinct subgroups of order p p and exponent p (so, if p = 2, then G is dihedral).
Corollary 4. Let G be an irregular p-group, p > 2. Suppose that, whenever H < G is neither absolutely regular nor of maximal class, then Ω 1 (H) = H. Then G is of maximal class.
Corollary 5. Let p > 2 and let M be a maximal metacyclic subgroup of a nonmetacyclic p-group G, where |M | > p 2 . Suppose that, whenever M < N ≤ G and |N : M | = p, then Ω 1 (N ) = N . Then p = 3 and G is of maximal class.
In particular, if p > 2 and a p-group G of exponent greater than p is neither metacyclic nor minimal nonmetacyclic and such that all proper nonmetacyclic subgroups of G are generated by elements of order p, then one and only one of the following assertions holds:
(a) G is regular of order p 4 and |Ω 1 (G)| = p 3 . (b) G is of maximal class and order 3 4 , |Ω 1 (G)| ≥ 3 3 . (c) p = 3, G is of maximal class, |G| > 3 4 and every irregular member of the set Γ 1 has two distinct (nonabelian) subgroups of order 3 3 and exponent 3. Note that if a 3-group of maximal class has elementary abelian subgroup of order 3 3 , then G is isomorphic to a Sylow 3-subgroup of the symmetric group of degree 3 2 ([Ber1, Theorem 5.2]). Therefore, a group of Corollary 5(c) has no abelian subgroups of order 3 3 and exponent 3. In Lemma J we collected known results which are used in what follows.
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A p-group G of maximal class and order greater than p p+1 has no normal subgroup of order p p and exponent p. Assume that this is false, and let R ⊳ G be of order p p and exponent p. Then, by Lemma J(b), R ≤ Φ(G) < G 1 , a contradiction since the fundamental subgroup G 1 is absolutely regular.
If a p-group G satisfies exp(Ω 1 (G)) > p, then it is irregular (Lemma J(a)).
To facilitate the proof of Theorem 2, we prove the following three assertions.
Lemma 6. If H < G is such that N = N G (H ) is of maximal class, then G is also of maximal class.
Proof. We use induction on |G|. One may assume that N < G; then H is not characteristic in N (otherwise, N = G). In that case, by Lemma J(b), we have |N :
2 soḠ is of maximal class (Lemma J(c)). Now let |H| > p; thenN is of maximal class soḠ is also of maximal class, by induction, and we are done since |Z(G)| = p.
Proof of Lemma J(d).
In view of Lemma 6, it suffices to show that N = N G (A) is of maximal class, so one may assume that |N : A| > p and
Lemma 7. Let G be a p-group. Suppose that A ∈ Γ 1 is absolutely regular and M < G is irregular of maximal class. Then G is of maximal class.
Proof. Assume that G is not of maximal class. Then, by Lemma J(d), M < H ≤ G, where |H : M | = p and H is not of maximal class. In that case, by Lemma J(e), H/K p (H ) is of order p p+1 and exponent p. It follows that H has no absolutely regular maximal subgroups. However, A ∩ H is an absolutely regular maximal subgroup of H, and this is a contradiction.
Lemma 8. All proper subgroups of an L p -group G are regular; in particular, Ω 2 (G) is regular.
Proof. It suffices to show that all maximal subgroups of G are regular.
is cyclic of order > p), it follows that M is absolutely regular so regular (Lemma J (g,a) ).
and hence H is regular (Lemma J(a)). Since G/Ω 1 (G) has only one maximal subgroup, we get H = M .
Suppose that p > 2 and G is an irregular L p -group of exponent p e . Assume that there is in G a normal cyclic subgroup C of order p e . Set D = C ∩Ω 1 (G); then J(g) ). Put C = C G (R); then |G : C| ≤ 2 so exp(C) ≥ 2 e−1 . Suppose that exp(C) = 2 e ; then there is in C − R an element x of order 2 e . In that case, A = x, R is abelian of type (2 e , 2) or (2 e , 2, 2). In any case, A contains an abelian subgroup H of type (2 e , 2), and H is the desired subgroup. Now let exp(C) = 2 e−1 . Take y ∈ G − C of order 2 e . Suppose that U = C G (y) is cyclic; then C G (U ) = U and Z(G) is cyclic. If e = 2, then G is of maximal class (Lemma J(c)), contrary to the hypothesis. Thus, e > 2. In that case, U ∩ R is of order 2 so H = RU is an L 2 -subgroup of exponent 2 e . If C G (y) is noncyclic, then there is an involution x ∈ C G (y) − y ; in that case, H = x, y = x × y is abelian of type (2 e , 2) so H is the desired subgroup.
In what follows we assume that p > 2. We use induction on |G|. Take an element x ∈ G of order p e . Let x ∈ L < G, where L is either absolutely regular or irregular of maximal class such that if L < M ≤ G, then M is neither absolutely regular nor of maximal class (L exists, by hypothesis). Let L < F ≤ G and |F : L| = p; then F is neither absolutely regular nor of maximal class, by the choice of L. Therefore, if F < G, then F contains the desired subgroup H. Next assume that F = G; then |G : L| = p.
(i) Let L be absolutely regular. Then, by Lemma J(f), G = LΩ 1 (G), where Ω 1 (G)(< G) is of order p p and exponent p. Set H = x, Ω 1 (G) , where x ∈ L has order p e ; then Ω 1 (H) = Ω 1 (G) is of order p p and |H| = p p+e−1 , by the product formula. If e > 2, then H is an L p -group. It remains to show that if e = 2, then H is regular. This is true provided H = G since, by hypothesis, G is not of maximal class, so cl(G) < p (Lemma J(a)). Now let H < G and assume, by the way of contradiction, that H is irregular. Then H is of maximal class since |H| = p p+1 (Lemma J(a) again) and, by assumption, L is absolutely regular of index p in G (indeed, L ∩ H = Ω 1 (L) is of order p p−1 so |G| = p|L|, by the product formula). It follows from Lemma 7 that G is of maximal class, contrary to the hypothesis. Thus, H is the desired subgroup.
(ii) Now let L be irregular of maximal class (indeed, since exp(L) = p e > p and L is not absolutely regular, we get |L| ≥ p p+1 so it is irregular, by Lemma J(h), since it is of maximal class). Then, by Lemma J(e), we have Lemma 9. Suppose that A is a proper absolutely regular subgroup of a p-group G, exp(A) > p and, whenever A < B ≤ G and |B : A| = p, then Ω 1 (B) = B. Then G is of maximal class.
Proof. By Lemma J(a), B is irregular so G is also irregular. Assume that G is not of maximal class. Let |G : A| = p; then Ω 1 (G) = G, by hypothesis. However, by Lemma J(f), G = AΩ 1 (G), where Proof of Corollary 3. Suppose that G is regular and set L = Ω 1 (G); then |L| ≥ p p since G is not absolutely regular. By Lemma J(a), |G : L| = p so G is as in (a) (indeed, |L| = p p since every maximal subgroup of G not containing L is absolutely regular because of it is not generated by elements of order p).
Next we assume that G is irregular. Since G has a proper absolutely regular subgroup of composite exponent, it follows from Lemma 9 that G is of maximal class. If all maximal subgroups of G are absolutely regular, then G is as in (b), by Lemma J(h). Obviously, every group of maximal class and order p p+1 satisfies the hypothesis. Now let
, then L is of order p p−1 and exponent p (Lemma J(h,a,b)). Take an element x ∈ M − L of order p and set U 1 = x, L . Take an element y ∈ M − U 1 of order p and set U 2 = y, L . Then U 1 and U 2 are distinct of order p p and exponent p (Lemma J(a)), and the proof is complete since U 1 , U 2 < M .
Proof of Corollary 4. Assume that G is not of maximal class. Then there is in G a subgroup H such as in Theorem 2. Since H is neither absolutely regular nor of maximal class and Ω 1 (H) = H, we get a contradiction.
Proof of Corollary 5. Let M be as in the statement of the corollary. Then M is absolutely regular since p > 2 so, by Lemma 9, G is of maximal class. Let M < N ≤ G, where |N : M | = p. Then N is irregular of maximal class (Lemma 9). Since p p−1 = |Ω 1 (M )| ≤ p 2 and p > 2, we get p = 3.
Remark 10. Here we offer another proof of Theorem 2 in the case exp(G) = p e > p 2 . We have to prove that G contains an L p -subgroup of order p p+e−1 . We use induction on |G|. By Lemma J(g), there is M ⊳ G of order p p and exponent p. Take a cyclic X < G of order p e and set F = M X; then F of exponent p e > p 2 is neither absolutely regular nor of maximal class. Therefore, if F < G, the result follows by induction. Now let F = G. Suppose that X ∩ M > {1}; then |G| = p p+e−1 . We claim that G is an L p -group. It suffices to show that Ω 1 (G) = M . Assume that this is false. Since G/M is cyclic, we conclude that
is irregular and we conclude that it is of maximal class (Lemma J(a) ). Since G is not of maximal class, the number e p (G) of subgroups of order p p and exponent p in G is congruent with 1 modulo p (Lemma J(g)), and all these subgroups lie in Ω 1 (G). Since e p (G) > 1 and d(Ω 1 (G)) = 2, it follows that all maximal subgroups of Ω 1 (G) have exponent p, so exp(Ω 1 (G)) = p and Ω 1 (G) is regular (Lemma J(a)), a contradiction. Thus, in the case under consideration, G is an L p -group. Now let X ∩ M = {1}. Let R < M be a G-invariant subgroup of index p. Set H = RX. Let us show that H is an L p -group. Indeed, H is not absolutely regular since Ω 1 (X)R is of order p p and exponent p (Lemma J(a)). Next, H/R is cyclic of order p e > p 2 so H is not of maximal class. If
Theorem 11. Let H be a normal absolutely regular subgroup of a p-group G, |H| > p p−1 and Ω 1 (G) ≤ H.
(a) If for every z ∈ G − H of order p, the subgroup V = z, H is of maximal class, then G is also of maximal class. (b) If, in addition, |H| > p p and, for every z ∈ G − H of order p, we have Ω 1 ( z, H ) = z, H , then G is of maximal class.
Proof. By hypothesis, exp(H) > p. Assume that (a) and (b) are not true. Let z ∈ G − H be of order p and V = z, H . Then, by Lemma J(a), V is irregular. In (a), if V = G, then, by hypothesis, G is of maximal class. In (b), if V = G, then, by Lemma J(f), G is of maximal class. Assume that this is false. Then there is R ⊳ G of order p p and exponent p. Let R 0 ≤ R be G-invariant and minimal such that R 0 ≤ H. Then F = R 0 H = x, H for any x ∈ R 0 − H. By hypothesis, Ω 1 (F ) = F so F is irregular of maximal class, contrary to Lemma J(b) (indeed, |R 0 | < p p since F is of maximal class and order > p p+1 , and so Ω 1 (H) and R 0 are F -invariant of indices greater that p and non-incident). Therefore, in both cases, one may assume that V < G so |G : H| > p.
(a) Let H ≤ H 0 < G, where H 0 is absolutely regular such that |H 0 | is as large as possible. By Lemma J(d), H 0 < B ≤ G, where |B : H 0 | = p and B is not of maximal class. Then, by Lemma J(f), B = H 0 Ω 1 (B), where Ω 1 (B) is of order p p and exponent p so there exists an element x ∈ Ω 1 (B) − H 0 of order p. Set U = H, x ; then, by hypothesis and Lemma J(a,h), U is of maximal class and order ≥ p p+1 so irregular. We have H 0 , U < B, H 0 is absolutely regular of index p in B and U is irregular of maximal class. Therefore, by Lemma 7, B is of maximal class, contrary to its choice.
(b) Set N G (Ω 1 (H)) = N . If the set N − H has no elements of order p, then Ω 1 (N ) = Ω 1 (H) is characteristic in N so N = G, a contradiction since Ω 1 (G) ≤ H, by hypothesis. Therefore, there is an element y ∈ N − H of order p. By Lemma 6, N is not of maximal class. If N is absolutely regular, there is in Ω 1 (N )/Ω 1 (H) an N -invariant subgroup R/Ω 1 (H) of order p. In that case, HR is absolutely regular of order p|H| and Ω 1 (HR) = HR, contrary to the hypothesis since HR = z, H for every z ∈ R − H. Otherwise, there is S ⊳ N of order p p and exponent p (Lemma J(g)). Let S 0 be an N -invariant subgroup of S such that S 0 ≤ H and |S 0 | is as small as possible. Then |S 0 H : H| = p and S 0 H = y, H for every y ∈ S 0 − H. Therefore, by hypothesis, Ω 1 (S 0 H) = S 0 H so, by Lemma J(f), S 0 H is of maximal class. Then, by Lemma J(b), S 0 ≤ Φ(S 0 H) < H, contrary to the choice of S 0 .
Problems
Below G is a nonabelian p-group. 8. Study the p-groups G of order greater than p p+2 containing a maximal regular subgroup A of order p p+1 . 9. Suppose that G is an L p -group. Is it true that G is regular if and only if G/℧ 2 (G) is regular? 10. Study the irregular p-groups G containing an L p -subgroup of index p. 11. Does there exist a positive integer n such that a p-group G, p > 2, is regular if and only if G/℧ n (G) is regular? 12. Classify the 2-groups G such that Ω 1 (G) is nonabelian of order 2 4 .
